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For a weight function w: [0, [ — [0, =[ we denote by &,,,(R") the class of
all w-ultradifferentiable functions of Beurling type on R™. Each element in &,,,(RY)
is a function with w-rapid polynomial approximation on each compact set K < RY,
whenever @ is a strong weight function, ie.,

B by

sup inf | f— pilxe < o, forall B=1,

le™ pewr)

where 2" denotes the space of all polynomials in N variables of degree </ and
| | 4 denotes the sup-norm on K. In the present pages there is given a family of
weight functions @ such that each function f with w-rapid polynomial approxima-
tion defined on a compact set K satisfying Markov's inequality can be extended to
an w-ultradifferentiable function on R™. However this is not true for the small

Gevrey classes &1+, = I 0 1995 Academic Press. Inc.

By Jackson’s theorem each ™ -function f on R" can be approximated
on each compact set K= R" in the following way:

dgglf)i=sup inf |f—pllgl®<oc, forall Bx=1. (N

leN pey

Here #} denotes the space of all polynomials in N variables of degree </
and || ||« denotes the sup-norm on K. Let s(K) denote the space of all con-
tinuous functions on K having property (1). Then the following restriction
map is well-defined and has dense range:

Ry 6(RY)— s(K), Rl ) =1«
Here &(R") denotes the space of all C*-functions on R”™. Plesniak [11]
(see also [9]) has shown that the map Ry is surjective if the compact
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set K admits Markov’s inequality, i.e., there exist positive numbers x and
M such that

122 e < MY pll s pe#), leN, PeN]. {M1)

Moreover for a compact set K< RY with (M1) Ple$niak constructed a
continuous extension operator by explicit formulas:

Ec i s(K)— &R,  Edfix=/f. [es(K)

Similar considerations for analytic functions were made by Baouendi and
Goulaouic [ 1], Plesnak [10], and Siciak [ 14].

In the present article we investigate the problem of extension of functions
defined on a compact set K= R" with certain approximation properties
(which are stronger then the one in (1)) to subclasses of all C*-functions.
For a weight function w (see Definition 3) we denote by &, the class of
w-ultradifferentiable functions of Beurling type, which were introduced by
Beurling [2]. Bjoérck [3], and Braun eral. (S]. If w(t)=1"“, d>1 the
class £, 1s equal to the small Gevrey class

g {1

RNy = {fe C*RY) | forall B= 1, K RY: sup | /(x| B: < oc}

e o
{we write “K =< R™” when K is compact). According to Bonet eral. [4]
the analogeue of the Whitney extension theorem holds for the class &,,, if
and only if w is a strong weight function (see Remark 5(b)). Further results
concerning the existence of continuous linear extension operators for
w-Whitney jets were obtained in [ 7] and Meise and Taylor [8]. Chaumat
and Chollet [6] also investigated the problem of extension of ultradifteren-
tiable functions for the Carleman classes C'** and C'*". By results of
Petzsche [12] each function fe &, (RY), where w is a strong weight func-
tion, can be approximated on each set K <= R" as follows:

dg gl f) :=sup inf\‘ | f—plge?" <o, forall B>1. {2)

le™ pe#

This implies as in the case of all C™*-functions that the following map is
well-defined and has dense range:

Ry & (RY) =5, (K), Ri([f) =[x

Here s,,(K) denotes the space of all continuous functions on K with
property (2), endowed with the semi-norms (dy z)gs,. The elements in
sl K) are called functions with w-rapid polynomial approximation. We
write s'“(K) instead of s 14, K). In the following theorem we give a family
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of weight functions «w such that each function on X with w-rapid polynomial
approximation can be extended to an w-ultradifferentiable function on RY.

THEOREM |. Let w be a weight function such that for each C > | there exists
L>1 with w(t )< L{w(t)+1), t20. Suppose the compact set K admits
Markov's inequality (M1). Then there exists a continuous extension operator

Ep:s,(K)= 6, (RY),  Ex(Nix=1

On the other hand for many weight functions w it is impossible to extend
all functions in s5,(K) to C™-functions in &_,,(R").

THEOREM 2. For each d > 1 the map Ry : I'(R) > s'([ —1, 1]) is not
surjective.

The proofs of the theorems are based on techniques used by Pawlucki
and Plesniak [9]. To show the existence of the extension operator Ey in
Theorem 1 we will use the linear topological invariant (DN), which was
used by Vogt [16] to characterize the closed linear subspaces of s. In the
proof of Theorem 2 we need certain estimates for the derivatives of the
Chebychev polynomials.

I thank Professor R. Meise for drawing my attention to the problem
treated in this paper. I also thank Professor W. Plesniak for valuable
criticism and remarks.

DerFINITION 3. For a continuous increasing function w:[0, oo —
[0, o[ we consider the following properties:

(o) there exist K, 0> 1 and ¢, = 0 such that w(Kt) < Qw(1), 1 = 1;

w(t)

(B) fo ]+t2dt<oo;
) log(t)_ .
(y) ,hfri (D) ;

(0) @, :t—>wl(e’)is convex:

(¢) there exists C > 0 such that fw w(t{t) dt < Clw(y)+1), forall y2>0.
t

The function « is called a weight function (strong weight function) if it
satisfies («), (£), (y), (J) (and (¢)). For x <0 we set w(x):=w(—x). The
Young conjugate ¢X : [0, oo — R of ¢, is defined by

eXy)i=sup{xy—g,(x)|x=20}, y=0.
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DEerFINITION 4. Let w be a weight function.

(a) Let Q< R™ be open. For feC=(Q), Kc=£, and /eN we
define:

L ks i=sup 1/ ®x,

le) <

where || || x denotes the sup-norm on K. Moreover we define the space

&.,(82) = {fe C(2)|forall Kecc Q, B> 1:

/
[f% g:=sup | [l exp <—B¢JZ <E>) < oc},

le N

endowed with its natural projective limit topology.

(b) Let A<= R" be closed. For a Whitney jet fe &(A4), K<< A, and
le N we set

(R

lf'K,l != sup Ssup y|1+ T— i (1+ - ’(XI)‘ + ”f” K.

x,veK |a| <{ lx_
X# ¥

where

1
(R = "= L [ -x*

1Bl <?— 1=l 770

We define the space

& ) (A) = {fed?(A) |forall Kcc 4, B> 1:

izmi=sup /lxexn (~Bo2 () ) <oc .

le N

endowed with the projective limit topology.
The elements of &,,,(2)&,,(A)) are called w-ultradifferentiable func-
tions (Whitney jets) of Beurling type on 2 (on A4).

Remark 5. (a) For a weight function @ Braun et al. [5] proved that
there exist non-trivial functions in &,,(R") with compact support, i.e., the
classes &, are non-quasianalytic. &,,,(£2) is a nuclear Fréchet space and
&, (A) is a Fréchet-Schwartz space.

(b) According to Bonet eral [4] for each closed set 4 < R" and
each w-Whitney jet fe&,,(A4) there exists a function Fe &, (R") such
that F'*| , = f*, ae NY if and only if w is a strong weight function.
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(c) The following functions are weight functions:
(1) wit)=1* 0<a<l
(2) w(t)y=(log(1+ ), g>1
(3) w(t)y=tlogle+1)) * B>1.
(4) w(t)y=exp(flog(l+1))*), 0<a<l, >0

The weight functions in (1), (2), and (4) are strong weight functions.

DEFINITION 6. (a) Let 2} denote the set of all polynomials of degree
at most /. Set #~ :={0}. For a closed set 4 < R" we denote by C(A) the
space of all continuous functions on 4. Given fe C(A4) and a compact set
K< A we define for jeNyu {—1}

d f,2)) =inf{||f—plix |pe#)}.

(b} Let w be a weight function and 4 = R" be a closed set. We define
the space

SlAy={feC(A)|foreach Bz 1, Kc= 4:
di ol f) 1= sup dil f, 2)) PV < o0},

Iz —1

where s,,,(A) endowed with the semi-norms (dy g)xcc 4 5>, is @ Fréchet
space. The elements of 5,,,(A) are called functions with w-rapid polynomial
approximation. We write s'“"(A) instead of s, ,1(A).

Remark 7. Let w be a strong weight function. From Petzsche [12] we
have the following topological identity: &,,,(R") =s,,,(R"). One can check
that for each closed set A = RY the map

Rm,A : (51(“)(/4 ) hd S((:;)(A )'v Rm‘A((./.I)ue N(}) ::fo

is well-defined, linear, and continuous. The map R, , is injective if 4 isa C™-
determining set; i.e., for each f € &( A) the property f° | ,= Oimplies f* | , =0,
for each a € N In this case we identify &,,,(4) with a subset of s,,,,(A4).

PROPOSITION 8. Let w be a strong weight function and K = R" be a com-
pact, C*-determining set. Then the following are equivalent:
(1) & (K)=5.,(K);

(2) for each B=1 there exist D, C >0 such that for all le N, pe PV,
and me N we have

m+1
'le,mgCCxp <B(P,t< >+DCU(1)> HPHK
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Proof. (1)=(2). By the open mapping theorem R, . is a topological
1somorphism, Thus for each B> 1 there exist D, > 1, C, >0 so that for all
fes,.,(K) the following holds:

IR, NG s<CideplS)

This implies for pe 2) < s,,,,(K)

I
sup | pl k.. exp <— By} <ﬂ+——>>

m e Ry B

< C, sup dist(p, 2Ny P

'z -1

Dty

<Cp sup inf\, lp—qlxe

1202 -1 qe.#,

<C, osup plg e < | plig e

2=~

Hence we have shown (2).

(2y=(1). Let fes,(K). For each /e N there exists a polynomial
p,€#Y such that dist{ f, #) = [/ — pl - Since w satisfies condition (a}
there exists L>1 such that w(r+ 1)< La(t)+ L, t=0. Let B>1 be
arbitrarily given. Choose numbers D> 1 and C >0 as in (2). We get for
myn leN

n

Z ([’j‘pj 1)

J=1

K.om

n
< Z lpj_pjfllk,m

j=1

" n +
<C Z ”pj"_pj—I“Kexp <B(P:< B

j=1

1) + Dw(j))

1 n
< Cexp (Bm ('"; >> S U, =Sl Ipy— = Fle) P
7

j=1

+ 1 i .
<2Ce®" exp <B<P: (%))( Y e 71}1(’”) di rips ()

j=1

Hence the sequence (p;), . =(po—2 - (pP;— P, 1)),cn COnverges to a
function g in &, ,(K). It is easy to check that R, (g)=f.
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From Vogt [16] we recall the following linear topological invariant.

DeFINITION 9. Let F be a Fréchet space and #:=(p)),_ be a
fundamental system of semi-norms of F. F is said to have the property
(DN) if there exists me N such that for each ke N there exist numbers
leN and C>0so that | [2<CY 1. [l 1,

Proof of Theorem 1. First we will show that &_,,(K) =s5,,,(K). Since K
18 C™-determining by [11, 3.5] it suffices to show that Proposition 8(2) is
satisfied. The proof of [ 11, 3.3] implies that there exist numbers M >0 and
A =1 such that for all , meN and pe 2},

'pll(.m < M Am “p“l(

Choose numbers C> 0 and 7, > 0 such that w(t*) < Cw(t), £ > t,. It is no loss
of generality to take 1 =0. For all /, me N and p e #} the following holds:

|2l k. < MI'™ || pll x = M exp(m log(!*) — (1) + w(1) | pll
< M exp(sup (mlog(!’*) — Bw(!")) + Bw(l)) |pll &«

"=20

< M exp(sup (ml' — Bw(e'™)) + Bw(1)) | pll x

I'z20

< M exp <sup <ml’—gw(e")> +Bw(1)> 1Pl &

=0
B m
= M exp <E‘ »h <EE> + Bw(l)> Pl

Then 8(2)=(1) implies &, (K)=1s5,(K). By [7,48] there exists a
continuous linear extension operator on K if and only if the space &.,,(K)
has the property (DN). Since the topology on s, (K) coincides with the
topology on &,,(K) it suffices to show that the space s,,(X) has (DN). In
doing so let B> 1 be arbitrarily given. For each fes, (K) we have

d%(,a(f) = sup dK(f, gﬂj\’)Z 2B

Iz —1

<(sup dilf; #}) e sup dilf, ) e D)

iz -1 Iz -1

= dx,l(f) dK.ZBf 1(f)-

Thus the proof is complete.

Remark 10. It is easy to see that the functions w(t)=[log*(1)]*, s> 1
satisfy the properties in Theorem 1. On the other hand if w satisfies the
hypothesis of Theorem 1 then there exists a number s>0 such that
w(t)=0([log*(#)]"), t— oc. The function w,=log"* is not a weight
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function since it does not satisfy condition (y). Nevertheless we identify
&.,(RY) with the set of all C*-functions. In this case Theorem 1 has
already been proved by Pawtucki and Plesniak [9].

Proof of Theorem 2. By Remarks 5(b) and 5(c) the map
R[q,l] . F(d'(R)—’ru)(["l, 17), R[—l.l](f)=f|[—l.]]

1s surjective. To prove Theorem 2 it therefore suffices to show that 8§(2)
does not hold. It is easy to check that p*(x)=d- x log(dx/e), x = e. Hence
we have to prove the following:

{1) There exists By> 1 such that for all D> 1 and C> 0 there exist
numbers r, ne N and pe 2} with

rd
I A R

o

To show (1) we will use the Chebychev polynomials
T.(x)=cos(n arccos(x)), xeR, neN.

', is a polynomial of degree n. Put ro=(e—2)"'. We first show that for
each neN and re N, ro<r<n-—1 the following holds:

2_ 2 1
(2) T'(1) = exp (n log <?—+—r>+rlog <n—2-r—>+—log(er)>.
n—r e-r 2
By Timan [ 15, p.226] for each neN and re N, r <n—1 we have
nn2—=1y. - (B =(r—1)?%
1-3-... - (2r—1)

r—1 r
exp<z log(nz—jz)— Z log(Zj—1)>
ji=0 /

Jj=1

T ()=

r r+1
> exp <J log(n® — j%) dj—f log(2j—1) dj>
0 1

=exp (—(n—j) log (n:j)
+(n+))log <"—ﬂ> Lo 1) t0g <2J——i>
e Jlo 2 e

r+l
)
=exp ((n-+—r)log <n:—r)
n—r 1 2r+1 1
—(n—r)log(——e—>—<r+§>log< e >+§>

r

0

64082 °1-7
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With r = r, we obtain
TY(1) > exp ((n +r)log (il;e'——r>

—{n—r)log <n_;_{> —rlog(r) —% log(er)>

2__ 2 1
= exp (n log <n +r )+ rlog <—--e——r>— r log(r) —3 log(er))

=exp (n log (n T >+ rlog (n e—rr >—%log(er)>.

Hence (2) is shown. Now choose a number By>ze’ Let C,D>0 be
arbitrarily given. Then for all n,reN, r,<r<n—1 the following holds:

d
[Ty exp <—r log <~r~—> — Dn'd— C>
B,

d
=T"(1)exp (—r log <%> —Dn" — C)

0

n+r n?—r?
zexp(nlog | —— - +r10g e

—rlo ﬁ)—Dn”"—llo (er)—C
g B 2 gLer

0

n+r n*—r*B,
= exp nlog +r10 —rﬂ‘l—'?

- Dn”"—%log(er) - C).

This implies for re N, r>r, with n:=r“* D2 e N:

d
Ty exp  —rtog (1)~ Dt —C )

0

(d+1)/2
¥ +r
> exp (r"””’z log (;mr:;)

d+l B 1
+r]0g <,...r__l_.r_ e2> Dr(‘””/z"—ilog(er)-— C)
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J pd—12 4 |
=exp (r"” "2 ]og <_-'_’__u_ s 1)
r e

rd+l_r2 BO

1
+rlog <_r‘“’ ez>—Dr“” ‘”"—5 log(er) — C)

Y 2
> exp <rd+ 2 log <1 +r—"_’ﬁ——_l>

1 , 1
+rlog<l —rd1>~—Dr“’+"‘2"—§logter)—C>

2 1

REES TR a1

‘ , 1
> exp pld+ 12 5 +r 1 —Dr(‘l+l)’/2‘1+§10g(£’l‘)— C
- +1 ;gj+1

Pz ]

rld~l)/2 1

=exp<2rm+5r

1 1 C)
—r —Dr r—

” (2 -
d 1_1 rtu’+2H d+2) r

log(er)

=:exp(rA(D, C, r)).

Obviously one can find a number re N with n:=r“*12¢eN such that
A(D, C,r) = 0. We get the following inequality:

r4 ‘
TNy exp (—rlog (5 )= Dn* =€) 2 1= 1T 1.
Hence we have shown (1).
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